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Abstract. In this paper we study the initial-value problem associated with 
the Benjamin-Ono-Zakharov-Kuznctsov equation. We prove that the IVP for 
such equation is locally well-posed in the usual Sobolcv spaces H S (R 2 ), s > 2, 
and in the anisotropic spaces H S1 ' S2 (R 2 ), S2 > 2, si > S2- We also study the 
persistence properties of the solution and local wcll-posedncss in the weighted 
Sobolev class 

Z s , r = H S (R 2 ) n L 2 ((l + x 2 + y 2 ) r dxdy), 
where s > 2, r > 0, and s > 2r. Unique continuation properties of the solution 
are also established. These continuation principles show that our persistence 
properties are sharp. Most of our arguments are accomplished taking into 
account that ones for the Bcnjamin-Ono equation. 



1. Introduction 

This paper is concerned with the initial-value problem (IVP) for the Benjamin- 
Ono-Zakharov-Kuznetsov (BO-ZK) equation 

\u t + Udlu + u xyy + uu x = 0, (x, y) E R 2 , i > 0, _ 
\u(x,y,0) = 4>{x,y), 

where u — u(x, y, t) is a real- valued function and % stands for the Hilbert transform 
defined as 

nj ( +\ 1 f U i Z ^i t ) , 

Hu(x,y,t)~p.v.— / az. 

71" JR X - Z 

Recall that p. v. denotes the Cauchy principal value. 

The BO-ZK equation was recently introduced in [17] and [20] , and it has appli- 
cations to electromigration in thin nanoconductors on a dielectric substrate. It may 
also be viewed as a natural two-dimensional generalization of the Benjamin-Ono 
equation 

u t + Ud 2 x u + uu x = 0, i£l,(>0. (1.2) 
Throughout the paper, well-posedness is understood in Kato's sense, that is, it 
includes existence, uniqueness, persistency property, and continuous dependence of 
the map data-solution. 

Before stating our main theorems, let us recall some previous results concerning 
the problem (jl.ip . In [5] and [6], the authors studied existence and stability of 
solitary waves solutions having the form u{x,y,t) = ip c {x — ci, y), where c is a real 
parameter and ip c is smooth and decays to zero at infinity. By using the variational 
approach introduced by Cazenavc and Lions [3], they proved, in particular, the 
orbital stability of ground state solutions. Unique continuation properties was 
addressed in 0, where the authors showed if a sufficiently smooth solution has 
support in a rectangle, for all t as long as the solution exists, then it must vanish 
everywhere. 
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The IVP has similar features as the one for the BO equation (|1.2p . Indeed, 
following the ideas in [23] , the authors in [7] established the ill-posedness of (jl.ip in 
the sense that it cannot be solved in the usual (anisotropic) L 2 -bascd Sobolcv space 
by using a hxcd point theorem. More precisely, for all sfl, the map data-solution 
cannot be C 2 -diffcrcntiable at the origin from £P(R 2 ) to £P(R 2 ). 

Let us now turn attention to the results in the present paper. We start with the 
following. 

Theorem 1.1. Let s > 2. Then for any <f> £ iP(R 2 ), there exist a positive 
T = T{\\4>\\h") and a unique solution u G C([0, T]; H S (R 2 )) of the IVP HU). Fur- 
thermore, the flow-map <f> t— > u(t) is continuous in the H s -norm and there exists a 
function p G C([0,T];R) such that 

\Ht)f H , < P (t), te[o,T]. 

With respect to anisotropic Sobolev spaces, we have the following. 

Theorem 1.2. Let (f> G i? Sl,S2 (R 2 ), where S2 > 2 and si > S2- Then there exist 
T = T{\\<i)\\ Sl , S2 ) and a unique solution u G C([0, T];H Sl > S2 (R 2 )) of the IVP (fLl) . 
Furthermore, the flow-map (f> i— > u{t) is continuous in the H Sl,S2 -norm and there 
exists a function p G C([0,T];R) such that 

\\<t)\\ 2 SuS2 < P {t), te[0,T}. (1.3) 

Theorems 11.11 and 11.21 arc proved by using the parabolic regularization method. 
Since their proofs are quite similar we only prove Theorem 11.21 It should be noted 
that this technique does not rely on the dispersive effects of the equation in question. 
Thus, improvements of the above results should consider such effects. 

In comparison with the BO equation ()1.2[) . many authors, in [TJ, [14], [22], and 
[28j for instance, using appropriated gauge transformations, have obtained strong 
results of local well-posedness in low regularity Sobolev spaces. In the case of BO- 
ZK equation, it is not clear how to get a suitable transformation and we do not 
know if such approach could be used to improve Theorems 11.11 and 11.21 On the 
other hand, we believe that the above theorems can be improved by employing the 
techniques introduced by [18j and |19j . which combines Strichartz estimates with 
some energy estimates. This will appear elsewhere. 

Our main focus in this paper consists in proving persistence properties and local 
well-posedness in weighted Sobolev spaces. The question we address is the following: 
suppose we have an initial data in the Sobolev space H 3 (M. 2 ) with some "additional" 
decay at infinity; is it true that the solution inherits the same decay? 

For the BO equation, this question has been addressed for instance in [9], [15] . 
|15j . and [16] and the answer produces very interesting results. In particular, there 
exist no nontrivial solutions with strong decay. 

Our first result in this direction is concerned with the persistence and the local 
well-posedness in the weighted Sobolev spaces H s {w 2 ) (see notation below). 

Theorem 1.3. Let w be a smooth weight with all its first, second, and third deriva- 
tives bounded. Then, the IVP (|1.1|) is locally well-posed in H s (w 2 ), s > 2. 

To prove Theorem 1 1.31 we follow the arguments in [T^ and [3T] with some adap- 
tations to our problem. In [21] the author have considered a two-dimensional model 
which can also be viewed as a generalization of (|1.2|) . but with a different structure. 
Note that boundedness is required only on its derivatives but not on w. 

Next, we have the following. 
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Theorem 1.4. The following statements are true. 

i) If s > 2 and r G [0,1] then the IVP is locally well-posed in Z s-r . 
Furthermore, if r G (1,5/2) and s > 2r i/ien (|1.1|) is locally well-posed in 

ii) // r G [5/2, 7/2) and s > 2r 7 £/ien £/ie IVP (jl.ljl is locally well-posed in Z s ^ r . 

To the best of our knowledge, the study of the Cauchy problem in fractional 
weighted Sobolev spaces in the spirit of Theorem ll.4l was initiated by Fonseca and 
Ponce in [5], where, in particular, the authors proved the counterpart of Theorem 
II .41 for the BO equation (see also [TD],[TT], [15], and [IB]). So, here we extend their 
ideas to the two-dimensional case in order to establish our results. Of course, since 
(|l.lj) includes a third-order derivative and the weights in hand are two-dimensional, 
additional troubles arc expected in comparison with the BO equation. However, 
by performing suitable estimates we are able to handle with all difficulties. 

Note that Theorem 11.41 establishes some balancing between the regularity and 
the decay rate of the initial data. In particular, the condition s > 2r is necessary 
if r > 1. 

Theorem 11.41 is in some sense sharp, which is evidenced by the following unique 
continuation principles. 

Theorem 1.5. Let u G C([0, T]; Z 4;2 ) be a solution of the IVP (fTTj) . If there exist 
two different times t\,t 2 G [0,T] such that u(tj) G Z 55 / 2 , j = 1,2 , then 

u(0,r),t) = 

for all 7/ G K and t e [0, T] . 

Theorem 1.6. Let u G C([0, T]; Z^ 2 ) be a solution of the IVP (fTTj) . If there exist 
three different times t\,t 2 ,t% G [0,T] such that u(tj) G .27,7/2, j = 1,2,3, , then 

u{x,y,t) = 

for all x, y G R and t G [0, T] . 

Two important conclusions emerge from Theorems 11.51 and 11.61 The first one 
is that the condition 4>{Q,rf) = 0, for all rj G R, is necessary to have persistence 
property in -Z s ,5/2, s > 5. In particular, part (i) of Theorem 11.41 shows to be sharp. 
The second one is that if an initial data </> has a decay stronger than \(x,y)\ 7 ' 2 then 
the persistence property does not hold, unless it vanishes identically This shows 
that part (ii) of Theorem 11.41 is also sharp. A similar conclusion for BO equation 
was obtained in [9l Theorems 2 and 3]. 

It should also be pointed out that our unique continuation statements are stronger 
than the ones in [8] , where it is assumed that the solution has compact support for 
all t G [0,T\. 

Remark 1.7. We believe one can prove similar results as those above in the 
weighted anisotropic Sobolev spaces Z%''*' = H Sl,s ' 2 PI L^. r , where 

L 2 rur2 =L 2 ((l+x 2r > +y 2r *)dxdy). 
This is currently under investigation. 

The paper is organized as follows. In Section [2] we introduce the notation used 
throughout the paper and give some preliminaries results. By using the parabolic 
rcgularization method, we prove in Section [3] the local well-posedness in Sobolev 
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spaces. Sections |4]and [5] are dedicated to prove Theorems 11.31 and 1 1 A\ respectively. 
Finally, in Section |6] we establish Theorems 1 1 . 5 1 and 1 1 . 6 1 

2. Notation and Preliminaries 

Let us first introduce some notation. We use c to denote various constants that 
may vary line by line; if necessary we use subscript to indicate dependence on 
parameters. With [A, B] we denote the commutator between the operators A and 
B. By || • ||p we denote the usual L p norm. Because the L 2 norm appears frequently 
below, we use the notation || ■ || for it. The scalar product in L 2 will be then 
represented by (•,•). In particular, note if / = f{x,y) then ||/|| = ||||/(-,y)|Uj|Uj, 
where by || • \\ L 2 we mean the L 2 norm with respect to the variable z. The integral 
J f will stand, otherwise is stated, for the integration of / over R 2 . 

For any s£l, H s := H S (R 2 ) represents the usual L 2 -based Sobolev space with 
norm || • \\h s - The Fourier transform of / is defined as 

JR 2 

Given any complex number z, let us define the operators JJ, Jy, and J z via its 
Fourier transform by 

Given si,.S2 G R, the anisotropic Sobolev space H Sl ' S2 = H Sl ' S2 (R 2 ) is the set of 
all tempered distributions / such that 

11/11^3 = II/I| 2 + II^ 1 /H 2 +II^ 2 /I| 2 < oo. 

The scalar product in H Sl ' 32 will be denoted by (•, •) Sl ,s 2 - 

As usual <S(R 2 ) will denote the Schwartz space. Given s G R and w : R 2 — > 
[0, oo), we define the weighted Sobolev space to be 

H s (w 2 ) := H S (R 2 ) n L 2 {w 2 dxdy). 

In particular, for r > 0, we denote 

Z s>r := H s {M. 2 )DL 2 r , 

where L 2 := L 2 {{x,y) 2r dxdy). Here, (x, y) := (1 + x 2 + y 2 ) 1 ! 2 . The norm in Z StT 
is given by || • |||- = || • ||^ s + || • || 2 2 - Also, the subspace Z s , r of Z s;r is defined as 

Z,, r := {/ G Z s , r I /(0, rj) = 0, V G R}. 

Suppose G Z s>r and let u be the local solution of Assuming that u is 

sufficiently regular, we can integrate the equation with respect to x to obtain, at 
least formally, 

/ u(x,y,t)dx= / <f>{x,y)dx, y e R, (2.4) 

as long as the solution exists. This implies that 

u(0,7?,t) = 4>(0,rj), (2.5) 

for all t for which the solution exists. In particular, if G Z s>r then u(0,rj,t) = 0, 
for all r] G R and t for which the solution exits. 
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Let N G Z+. We define a function /3jv : R -> K by letting 

f3 N (x) .- | . f N > 3iV) (2.6) 

where (x) = (1 + x 2 ) 1 / 2 . Also, we assume that /3/v is smooth, symmetric, non- 
decreasing in \x\ with j3' N (x) < 1, for any x > 0, and there exists a constant c 
independent of JV such that \(3'^(x)\ < cd 2 (x). Now, we define the two-dimensional 
truncated weights 

w N (x,y) := (3 N (r), where r = (x 2 + y 2 ) 1 ' 2 . (2.7) 

Next, we introduce some preliminaries results which will be useful to demonstrate 
our main results. Most of these results have appeared elsewhere, but for the sake 
of completeness we bring then here. 

Definition 2.1. We say that a non-negative function w € L] oc lM) satisfies the A p 
condition, with 1 < p < oo, if 

sup (\77if w )(\7Tif wl ~ P ') = C H<^. ( 2 -8) 

Q interval \ I W\ JQ J \\W\jQ J 

where 1/p + 1/p' = 1. 

Since our main results are concerned with weighted spaces, we need to deal with 
the Hilbert transform in weighted spaces. The next result will be sufficient to our 
purposes. 



Theorem 2.2. The condition (|2.8[) is necessary and sufficient for the boundedness 
of the Hilbert transform T~L in L p (w(x)dx), i.e., 

\Hf\ p w(x)dx) <c* / \f\ p w(x)dx) . (2.9) 



Proof. See [13]. □ 

Remark 2.3. It is not difficult to check that \x\ a satisfies the A2 condition if and 
only if a G (—1,1). More generally, \x\ a satisfies the A p condition if and only if 
a e (— l,p - 1) (see also page 441]j. 

The next three results will be widely used in the proof of Theorem 11.41 

Theorem 2.4. For p 6 [2, 00) the inequality (|2.9j) holds with c* < c(p)c(w), where 
c(p) depends only on p and c(w) is as in (|2.8p . Moreover, for p ~ 2 this estimate 
is sharp. 

Proof. See [IS]. □ 

The next theorem is a generalization of Calderon commutator estimate [2]. Its 
proof can be found in [4]. Moreover it has applications for several dispersive models. 

Theorem 2.5. For any p 6 (1, 00) and l,m G Z + U {0}, I + m > 1, there exists 
c = c(p; I; m) > such that 

\\di[n;a}d: i f\\ p <^\d l x +m a\U\f\\ p . (2.10) 

Let us recall that L p := (1 - A)- s / 2 L p (W l ). Such spaces can be characterized 
by the following result. 
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Theorem 2.6. Let b G (0, 1) and 2n/(n + 2b) < p < oo. Then f G L£(R n ) if and 
only if 

a) / 6 LP(R n ), 
with 

\\f\\ btP = ||(1 - A)"/ 2 /|| p = || J»f\\ p ~ 11/11, + \\D»f\\ p ~ ||/|| p + pVlIp, (2.11) 
w/iere /or s G R, D s = (-A) s / 2 mi/i D s = (Hd x ) s ifn = \. 
Proof. See El. □ 



Remark 2.7. The operator T> introduced in Theorem \2.6\ is sometimes referred to 
as the Stein derivative of order b. The last equivalence in (|2.1ip says that we can 
compute the norm in L v h by using either D b or D b . The advantage in using T> b is 
that we are able to do point estimates easily (see Provosition \ 2.8\ and Lemma \2.9\ 
below). 

From the previous theorem, part b), with p = 2 and b G (0, 1), we have 

||2A/.g)|| < \\fV b g\\ + \\ g V b f\\. (2.12) 
Proposition 2.8. Let b G (0, 1). For any t > and x G R, 

Proof. See [25]. □ 

We also have the following estimate. 
Lemma 2.9. Let b G (0, 1), then for all t > and x, n G R, 

£> b (e*' 2 ' T ) < c(b)T7 2b t b , 

where c(b) depends only on b. 
Proof. First note that 

e itri 2 x _ e itr) 2 y\2 

iy 

!f)|2 

1+26 ^ 



^itrfx _ e itrf(x-y) |2 



| X _ e -itu a »|a 



l+2b 

2,\2h 



|y| J 

|1 - e^l 2 



From the inequality |1 — e ly \ < 2\y\, y G [—1, 1], we have 

1 ^- e ^dy<2 ^ dy ^ dy - 2 



i \y\ 1+2b y " J-ilvl 2 "- 1 Jo y 2 "- 1 1-6 
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Moreover, 

dy f°° dy 2 



\>i\y\ 1+2b Ji y 1+2b b' 



Therefore, 



2 



1/2 



This completes the proof of the lemma. □ 

The next proposition will be used in the proof of Theorems 11.51 and 11.61 

Proposition 2.10. Let p G (l,oo). If f G L P (R) is such that there exists xq G 
R for which f(x^), f(x^ ) are defined and ^ /(xq~), then for any 5 > 0, 

2?!/pj ^ if oc (a;o — <5, x + <5) and consequently f ^ L^ p (R). 

Proof. Sec (see also [29]). □ 

At last, we recall some results to be used in the proof Theorems 11.41 11.51 and 
[TBI 

Lemma 2.11. Let a,b > 0. Assume that J a f = (1 - A) a / 2 f G L 2 (R 2 ) and 
<x, y) b f =(l + x 2 + y 2 ) b,2 f G L 2 (R 2 ). Then for any a G (0, 1) 

UJ-^y^-^/)!! < c ||<x,y> 6 /lM|./ /ll a . (2.14) 

Moreover, the inequality (|2.14[) zs stiZZ mZzd i/rai/i WN{x,y) instead of (x,y) with a 
constant c independent of N. 

Proof. The proof is similar to that carried out in [9l Lemma 1]. □ 
Proposition 2.12. If f G L 2 (R) and <p G # 2 (R), then 

||[# 1/2 ;0]/||l2 (r) < cU\\ m{K) \\f\\ L 2 {M) . (2.15) 

3. Local well-posedness in Sobolev spaces 

In this section, we are concerned with local well-posedness in (anisotropic) Sobolev 
spaces. We only prove Theorem 11.21 The ideas are by now quite standard, so we 
only sketch the main steps. The arguments are based on that proposed in |15| . Let 
fi > and consider the following perturbation of (|l.lj) : 



J u t + rHd x u + u xyy + uu x — fiAu, (x, y) G R 2 , t > 0, 
\u(x,y,0) = <j)(x,y). 

Let us first consider the linear IVP 

ju t +Ud 2 x u + u xyy - fj.Au = 0, (ij)€l 2 , t>0, 
\u(x,y,0) = (f>(x,y). 

The solution of (|3.17[) is given by 

u(t) = E^(t)(b(x,y) = / e 4 ( t( -« l « l+ « r ' 2)+ ^ +OT )-^ ( « 2+ " 2) 0(e, 77)0"^. (3.18) 



(3.16) 



(3.17) 



A straightforward calculation reveals the following. 
Proposition 3.1. Let Ai,A2 G [0, 00) and p > 0. Then, 
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a) for any t > and Si,S2 € K, E^(t) is a bounded operator from H H1 ' S2 to 
H Sl+Xl ' S2+X2 . Moreover 

\\E^\\ Sl+XuS2+X2 < C Al>A2iM (l + t- x ^ 2 + t- A2/2 )||0|| Sl , S2 , <P G //- - . 

and i/ie map t £ (0, oo) i — > E^it)^ € iJ Sl + Al > S2 + A2 is continuous. 

b) E^(t) is a semigroup of contractions in H Sl ' S2 and can be extended, when 
fj, = 0, to a unitary group. 

Proof. See for instance [TSl Theorem 2.1]. □ 

To proceed with the arguments, we need to use that H Sl ' S2 is a Banach algebra. 
So, we prove the following. 

Proposition 3.2. Let u,v £ H Sl,S2 , with S\,S2 > 1. TTien 

IML,S2 < c 8lsa ||u|| 81 , S3 ||u|| 8l , S2 . 

Proof. It is easy to see that, for all / £ H Sl,S2 , 

||/||oc<c 8lS2 ||/|| Sl>S2 . (3.19) 
Now, fixing y in Lemma X4 of [27], we have 

HJ^MIUj < c(IMU-||j>|| £ j + 

Now, taking the L 2 norm with respect to y, using Holder's inequality and (|3.19l) . 
we deduce 

II^MII =IIII^ 1 (««)IIlsIU; 

<c(\\\\u\\ L ~\\J^v\\ Ll + \\v\\ L ~\\J^u\\ Ll \\ L 2) 

< <\\u\\ L ~J\\J^v\\ Ll \\ Ll + \\v\\ L ~J\\J^u\\ Ll \\ Ll ) (3.20) 
<c sl , S2 (|| U || Sl , S2 ||J^«|| + ||«|| sl , S2 ||JJ^||) 

< c su S2 \\ u \\s u s 2 \\v\\ Sl ,s 2 - 

Analogously, 

\\J^Huv)\\<c SlS2 \\u\\ Sl , S2 \\v\\ sl , S2 . (3.21) 

The result then follows from (pHO)) and ([3~2"T]) . □ 

With these tools in hand, we can prove the local well-posedness of (13.161) . 

Theorem 3.3. Let /i > 0, and <fi £ H Sl ' S2 , where s±,S2 > 1 and si > S2- Then 
there exist T M = T fJ _(\\(f>\\ SltS2 , ^i) and a unique u M 6 C([0, T^j; H Sl ' S2 ), satisfying the 
integral equation 

/"* 1 

Uli {t) = E^{t)4> - E^t-t')-d x (ul)(t')dt'. (3.22) 
Jo ^ 

Proof. The proof is based on the contraction principle. Consider the complete 
metric space 

(T) = {/ G C([0,T];iJ s -^) | ||/(t) - i?(t)0|| Sl , S2 < H\\ Sl ,s 2 ^t £ [0,T]}, 
with the suprcmum norm. Define the operator 

A/(t) - - / E^t - t')(ff x )(t')dt'. 

Jo 
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The idea is to show that A has a unique fixed point in X Sl , S2 (T) for some T > 
to be chosen later. For any / € X Sl)S2 (T), from Proposition 13. 11 we get 

|| j^E(t - t')d x f\\ < C/1 (i + (t - i')" 172 )!!^ 1 " 1 ^/ 2 !! 

< c M;S1;S2 (i + (t - 1')- 172 ) l[0[[« lS2 - 

Since |J < 1, there exists a real number a satisfying < a < 1. Thus, 
||J*25(i - t')5,/ 2 || <c^(l + (f - i')- a/2 )(ll^ 1 / 2 || + ll^ S2 / 2 ||) 

< C a, M (l + (i-t')^ /2 )ll/ 2 || Sl ^ 



<c a>M (l + (t-0" a/2 ) IU112 



Sl,S 2 ' 



where we have used Plancherel's theorem and Young's inequality (with p = S\, 
q = "ij^ )■ Therefore, from the above inequalities it transpire that 



|A/(i)-£(i)0|L, S2 < 



<#|| S1>S2 / (i + (t-i')- 1/2 + (t-0" a/2 )*' 



(I 



As a consequence, there exists a T' = T^(/z, ||</>||si,s 2 ) sucn that A : X sliS2 (T') —> 
X Sl!S2 (T'). By using similar estimates we also show that A : X Sl! s 2 (T fl ) — > 
X Sl ^ S2 (T fl ) is a contraction. The Banach fixed point theorem gives the desired. 
This completes the proof of the theorem. □ 

Remark 3.4. Using the integral equation (|3.22[) , part a) in Provosition \3.1l and 
a bootstrapping argument we can show that G H 00 ' 00 = p| H S1 ' S2 for allte 

si,s 2 eK 

(0,T] and fj, > ('see, for instance, Theorem 3.3]). 
Proposition 3.5. Let S2 > 2 and si > S2- If u G 5(K. 2 ) is real then 

|(u,mO ai)82 | < c||u||f 1)8a . 

Proof. Write 

(n,uu x ) Sl!S2 = (J^u, J^(uu x )) + (Jy 2 u, J s y 2 {uu x )) 

= (J^u, [J?,u]u x ) + (J^u,uJ^u x ) + (Jfu, [J s y \u]u x ) (3.23) 
+ {J^u,uJ^u x ). 

Fixing y in Lemma XI of |27) . we obtain 

Calculating the L 2 norm in y, using Holder's inequality and (|3.19l) . we obtain 

\\[J^,u}u x \\<c\\u\\ 2 SuS2 . (3.24) 

Using similar arguments and Young's inequality, we deduce that 

||[J^^K||<c||n||^ S2 . (3.25) 
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Note now that integrating by parts yields 

(J^u,uJ^u x ) = (J^-ud x (J^-u) f u) 

= l -{d x {J^uf lU ) 

= - \{{J^u)\d x u) (3-26) 

< || j>f 

< cllull^,.,. 

In a similar fashion, 

(J?u,uJ?u x )<c\\u\\ 3 Su82 . (3.27) 
From p.23[) - (|3.27p and the Cauchy- Schwartz inequality, we obtain the result. □ 

Remark 3.6. Once we have proved Theorem \3.3\ and Provosition \3.5l the conclu- 
sion of Theorem \1.<H is standard. Indeed, by using Proposition \3. 5\ one can show 
that the solution, S C([0, T^]; H Sl ' S2 ), obtained in Theorem \3.3\ can be extended, 
for all (i > 0, to an interval [0,T], where T depends only on s\,S2 and ||0||ai,s a but 
not fi. Moreover, there exists a function p G C([0, T]; R+) such 

\\uJl US2 < P (t), p(0) = U\\ 2 S1 , S2 , te[0,T}. (3.28) 

This in turn enable us to pass the limit in (|3.16[) . as p — > 0, to obtain a solution 
for (|1.1[) in H Sl ' S2 . The interested reader will find all the arguments in |15j (see 
also [21| . where the author deals with a two-dimensional model). The continuous 
dependence upon the data can be obtained by using the Bona-Smith approximation. 

4. Local well-posedness in H s {w 2 ) 

This section is devoted to prove Theorem ll.3l We start with the following lemma. 
A similar result has also appeared in [2Tj . 

Lemma 4.1. Let w be a smooth weight with all its first, second, and third deriva- 
tives bounded. Define 

w x (x,y)=w(x,y)e- x ^ 2+ y 2 \ (x,y)eM. 2 , A 5(0,1). 

Then, there exist constants Cj,j = 1,2,3, independents of X, such that 

||V«;a]|oo < ci, 

P Q ^a||oo < C 2 , 
\\D W X \\oc <C 3 , 

where a, (3 <E N 2 , with \a\ = 2 and \/3\ = 3. 

Proof. Let r = y 1 x 2 + y 2 . From the mean-value theorem, 

\w(x,y) -w(0,0)\ <r||V«;||oo- (4-29) 

Thence, \w(x,y)\ < r||Vw||oo + |u>(0,0)|. Because d x w\ = (w x — 2\xw)e~ Xr , we 
get 

\d x w x \ < H^IU + HVwIloo + HO, 0)|, 

where we used the inequality r a e - Xr < c a \~ a l 2 , which is valid for all A, a > 0. 
Also, since 

dlw\ = (w xx - 4\xw x - 2\w + 4\ 2 x 2 w)e~ Xr , 
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we deduce 

\d 2 x w x \ < cdltw^lloo + HVwIU + K0,0)|). 
The computations for the second-order mixed derivatives are similar. Finally, we 
have 

dlw\ = {w xxx - 6Xxw xx ~ 6Xw x + 12X 2 x 2 w x + 12X 2 xw - 8X 3 x 3 w)e~ Xr ' 2 . 

As above, there exists C3, independent of A, such that ||(9^u;a||oo < c 3- For the 
third-order mixed derivatives the argument is analogue. The proof of the lemma is 
thus completed. □ 

Let w satisfy the hypotheses of Lemma EQ1 For any A € (0,1), inequality (|4.29[) 
implies that there exists c\ > 0, depending on A, such that 

\w(x,y)\ < c x e x{x2+y2 \Vx,y e E. 

Now we are able to prove Theorem 11.31 

Proof of Theorem ] 1.31 Existence and uniqueness: Assume that <fr £ H s (w 2 ) 1 s > 2. 
In view of Theorem 11.11 and Remark l3. 61 there exists T > 0, such that, for all /j, > 0, 
the unique solutions (in H s ) of and Q3.16P arc defined in the interval [0,T] 

and satisfy 

\K(t)\\H* < P(t), te[0,T}. (4.30) 
Here, it is understood that uq := u and u M are the solutions of (jl.lj) and (|3.16l) . 
respectively. Let M := sup tg [ 0T ] ||w M (t)||/f». From (|4.30j) . it may be assumed that 
M does not depend on /i > 0. 

Persistence: To simplify the notation, in what follows we write, for /1 > 0, = v. 
Let w\ be as in Lemma |4~T1 Using Remark 1 3. 4 [ multiplying the equation (|3.16j) by 
w 2 v and integrating on M 2 , we obtain 

ld_ 

2dt' 

Let us estimate the right-hand side of (|4.31[) . Since (w\v,Hd x (w\v)) = 0, we can 
write 



-\\wxv || 2 = (w\v, -wxUdlv - w\v xyy - w\vv x + (iw\Av). (4.31) 



{w x v, wxUd 2 x v) = (w x v, [wx,H]dlv) + (w x v, H[wx,d 2 ]v). (4.32) 
By using Theorem 12.51 Holder's inequality, and Lema BTTl we obtain 

\\{wx,H]d 2 x v\\<c\\d 2 wx\\oo\\v\\<cM. 
Also, since H is an isometry on L 2 (R), Lemma I4TT1 implies 

\\n[w x ,d 2 x ]v\\ = \\[wx,d 2 ]v\\ = \\dlwxv + 2d x wxd x v\\ < cM. 
Thus, from (j4~32|) . 

(wxv,wxHd 2 v) < cM||u;au||. (4.33) 

Next, we note that 

(w x v,w x v xy y) = (wxv, [w\,d xyy )v) + (w x v,dl yy (w x v)) 
< cM\\w\v\\, 

where we used that (wxv, d xyy (wxv)) — and Lemma T4. II to get 

||[t«Ai9x»»] w ll = \\dl yy w x v + 2d xy wxd y v + d x w x d 2 v + d 2 w x d x v + 2d y wxd 2 x v\\ < cM. 



(4.34) 
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Integrating by parts, we see that 

(w\v, w x Av) =(w\v, [w\,A]v) + (w\v, A(w x v)) 

={w x v, [w x ,A]v) - ||V(w;au)I| 2 ^ ^ 

< \{w x v, [w\,A]v)\ 

< cM\\w\v\\, 
where we have used Lemma l4.1l to obtain 

\\[w x ,A]v\\ = \\(Aw x )v-2Vw x - Vu|| < ||A«;A||oo||«||+2||Vu;A|| o||Vt;|| < cM. 
Finally, we have 

| (w\v, w\vv x )\ < ||« x ||oo||^aw|| 2 < M\\w x vf. (4.36) 
Therefore, gathering together (|Q2|) - (|Q51) , 

^IK«(*)|| a < c 2 M 2 + (p 2 + 1 + cM)\\w x v(t)\\ 2 . 
By Gronwall's lemma (see e.g. [12l page 369]), we then deduce that 

\\w x v{t)\\ 2 < ||wA^|| 2 +te 2 M 2 + f g x (s)ds te[0,T], (4.37) 

Jo 

where g x (s) = (||wa0|| 2 + sc 2 M 2 )(fj, 2 + 1 + cM) exp[s((j, 2 + 1 + cM)}. Note that the 
constant c in (|4.37|) is independent of A. Thus, taking the limit, as A — > 0, using 
the monotone convergence theorem and inequality f|3 . 28[) . we obtain 

\\wv{t)\\ 2 <\\w(f>\\ 2 +tc 2 M 2 + f g {s)ds 

Jo 

< \\w ( j ) \\ 2 +tc 2 p(t)+ [ g ( S )ds (4 ' 38) 
Jo 

= \\w<l>\\ 2 + G(t,ri 2 , te[0,T], 

where G is a continuous function on both parameters. Therefore, (|4.38p shows the 
persistence of the solution u^, for all \i > 0. 

Fixed A 6 (0, 1), using inequality ()4.30[) . equation (|3.16f) . and Gronwall's lemma 
it is not difficult to prove that {u^}^>o is a Cauchy net in L 2 = L 2 (w\dxdy) and 

— > u in L*, as \i I 0. Therefore, if ip G , from (|4.38|) . we have 

\(u,<p)li I = hm l |(u M ,(p) L 2 | < \\ip\\ L 2 limdlwA^H + G(t,fj,)). 

So, taking the supremum over all function ip with ||(/?||l 2 = 1, hi the above in- 
equality, we find that 

\\w X u(t)\\ < \\w X (t>\\ + G(t,0), <G[0,T]. (4.39) 

Next, taking the limit in (|4.39[) . as A J. 0, and using the monotone convergence 
theorem, we obtain 

\\wu(jt)\\<\\w<f>\\+G(t,0), t€[0,T], (4.40) 

where G(t, 0) — > 0, as t —> 0. Inequality (|4.40|l then give us the persistence of the 
solution u in = L 2 (w 2 dxdy) . 
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Continuity: We first state that u : [0,T] — > L 2 W is weakly continuous. Indeed, for 
any ip € L 2 W , define ip\ = ipe~^ x +v By the monotone convergence theorem we 
have that <p\ —> ip in as A 4- 0. Let e > be given and choose Ao > such that 

r 



\\<P - VXohl < 



4(W ii +G(T,0)) 
Fixed t £ [0, T], let 8 > such that 

|t- s| < 5 ||u(t) - u(s)|| < 



2||vaoIIl 2 (^) 

This is possible thanks to the H s theory and the inequality 

\\<P\ \\h(wi) = J w 4 |^(a;,y)|V 

< sup {w 2 e- 2X ^ 2 +y^} f w 2 \ V (x lV )\ 2 

< sup {((x 2 +y 2 )\\Vu\\l + \w(0M 2 )e- 2Mx2+y2) } ( w 2 \ V (x,y)\ 2 

< c(w, A )||^||lj, < oo. 
Hence, if \t — s| < 8 from (|4.40[) . we have 

\((p,u(t) - u(s)) L 2j < \((p - tpx ,u(t) - u(s)) Ll \ + \(tp Xo ,u{t) - u(s)) Li \ 

< llv-VAolk(IK*)IU» +IK*)lli») 

+ \{w 2 (p\ ,u{t) - w(s))| 

< 2\\cp - ipxohiiHWii + G(T, 0)) + \\ VXo \\ LHwi) \\u(t) - u(s)\\ 
e e 

This proves our statement. 
Now observe that 

IK*) - 0111=. = IK*)llii + HWli - - 

< G(i,0) + IMHj, + ||0||^ - - (<(>,u(t)) Ll . (4 ' 41) 

The weak continuity of u in and the fact that G(t, 0) —> 0, as i —> 0, then yield 
the right continuity of u at t = 0. To finish the argument, we fixe r G (0, T) and 
use the invariance of the solution by the translation 

(t,x,y) G [0,T-r] xl 2 4 (t + r,a;,y), 

to obtain that u is right continuous in [0, T). The left continuity at t — T is attained 
in view of the change of variables 

(t,x,y) G [0,T]xR 2 ^ (T-i,a:,y). 

Finally, using the transformation 

(t,x,y) >-> (t -t,-x,-y), 

we conclude the left continuity. Thus u is continuous in the interval [0,T]. 

Continuous dependence: Let u and v be solutions of (|1 . 1[) defined on the same 
interval [0,T] such that u(x, y, 0) = <ft(x,y) and v(x,y, 0) = ip(x,y), with <p,ip £ 
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H s (w 2 ), s > 2. Let and be solutions of p.l6|) with Ufj,{x, y, 0) = 4>(x,y), 
Vp,{x, y, 0) = -0(x, y). By denoting z = — v^, we see that 

z t + Hd 2 z + z xyy + zu x + v^z x = fiAz. 

Multiplying the above equation by w\z and integrating on M 2 , we get 

i^||w;z|| 2 + (w\z, w\Udlz + w x z xyy + w x zu x + Wxv^z x - w\fiAz) = 0. (4.42) 

Let M = sup [0jX] {||w /1 (f)||_ frs(t „2 ) + ||u /1 (t)|| J?s(t „2 ) } ! then by (14301 and flUQ} M is 
bounded by a constant that is independent of /z and M — O(||0||^s( U) 2)), as ^ — >• t/>, 
in H s (w 2 ). 

By using similar computations as above, we face the inequality 
^IK^II 2 < feill^f + fo\\z\\l~ L2 , < t < T, 

where k\ and k 2 are constants depending only on M. Then, by the Gronwall lemma 

IK^II 2 < (\\w x (cf> - </>)|| + k 2 T\\z\\ 2 L¥L2 )e^ T . (4.43) 

Taking the limit in (|4.43|) . as \i \. 0, we obtain 

\\w x (u - v)\\ 2 < (\\w x (cf> - V)ll + fc 2 T|| W - «||^ L2 )e fclT . (4.44) 

Finally, as A 1 0, (|4.44|l implies 

||w(u - «)|| 2 < (\\w(<f> - + k 2 T\\u - v\\ 2 L¥L2 )e k ^ T . (4.45) 

From (|4.45[) and the continuous dependence in H S (M. 2 ), we see that u — > v in 
H s (w 2 ) as <fi — > ip in H s (w 2 ). The proof of Thcorcm ll.3l is thus completed. □ 

Remark 4.2. It is easily seen that the weight w(x,y) = (1 + x 2 + y 2 ) 1 ^ 2 , 7 £ 
[0,1], satisfies the hypothesis of Theorem \1.HA Additional information concerning 
the spaces H s (w 2 ) can be found in |21j . 

5. Local well-posedness in Z s _ r 

In this section, we prove Theorem II .41 So, let us assume that <fi <E Z s>r . First of 
all, we note that the existence of a local solution, say u : [0, T] — > H s , is obtained 
from Theorem 11.11 Thus, we need to handle only with the space L 2 . Moreover, 
once we obtain the persistence property in L 2 , the continuity of u : [0, T] — > L 2 and 
the continuity of the map data-solution follow as in Theorem 1 1.31 

Part i). The first part, that is, the case s > 2 and r 6 [0, 1] was proved in Theorem 
11.31 fscc also Remark l4.2p . Therefore, it remains to consider r <E (1, 5/2). We divide 
this part into two cases. 

Case a): r € (1, 2] and s > 2r. Write r = 1 + 9, with 6 e (0, 1]. Define 

Mi := supOMIija + \\(x,y) e u\\). 

[0,T] 

Since 9 G (0, 1], the second term in M\ is finite by the first part of the theorem. 
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Let wn be as in (|2.7jl . We multiply the differential equation by w 2 / 2 u 

and integrate on R 2 to obtain 

lj t W w N +6u \\ 2 + {w^ e u,w]+ 6 Udlu + pw]+ e u xvy + w]+ e uu x ) = 0. (5.46) 
Following the ideas in [5], we can write 

= Ai + Hdl{w)+ 6 u) - 2H{d x w 1 + e d x u) - Hd^w^u 
= Ai + A 2 + A 3 + A 4 . 
In view of Theorem 12 .51 we have 



\\A4 = \\\\[w]+ e ;H]d 2 x u\\ Ll \\ Ll 

<4\\dW N +e h~\\u\\ Ll \\ Ll < c||^ti^|U~>||< cM\ . 
An application of Lemma \2. Ill with a = 1 + 29, a = j^g, and b = 1/2 + 9 yields 

\\M < 2(1 + e)(\\d x (w%u)\\ + ||u||) < c(|| J\w e N u)\\ + ||u||) < C (\\w]+ e u\\ + Mr), 

(5.48) 

and, similarly, 

IIAtH < cM x . (5.49) 

Furthermore, inserting A 2 in (|5.46[) we hnd that its contribution is null. The con- 
stant c that appears here and in the rest of the proof of the theorem will always be 
independent of N. From Lemma f2 . 1 H with a = 2 + 29, a = 2 ^ 2g , and b = 1 + 9, 
we obtain 

Wj'iw^u^l < cdlw^uW + \\J 2+26 u\\ + Ah). (5.50) 

Another application of Lemma [2.111 with a = 2 + 29, a = 2 2 20 , and b = 1 + 9 
implies 

||J 2 (^)|| < c(|K+%|| + \\J 2+29 u\\ +M 1 ). (5.51) 

Using integration by parts, the inequality \d x w 2 jf 20 \ < cw 1 ^ 26 , (|5.50[) and (|5.51|) . 
we obtain 

w 2 + 2e ud x d 2 u=^ J(~2d y w 2 + 20 ud x d y u + d x w 2 + 29 (d y u) 2 ) 

< \\w 1 + e u\\\\w e N d x d y u\\ + \\w 1 J 2+6 d y u\\ 2 ^52) 

< c(|| J 2 (w%u)\\ 2 + || J(wK 2+e u)\\ 2 + \\w]+ e u\\ 2 + M 2 ) 
<c(||^ +fl u|| 2 +Mf). 

Finally, since s > 2, Sobolev's embedding gives 

(w^u, w^ uu x ) < A/iH^+%11 2 . (5.53) 
From (|5.46p . Holder's and the above inequalities, we find that 
d 

di' 

So, by the Gronwall lemma, we get 

\\w]+ e u\\ 2 < Ww^Uf+tc + c I e ct \\\w)+ e cj)\\ 2 + t'c)dt'. 



lK + %ll 2 <c(i + iK+%n 2 ). 
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The monotone convergence theorem then yields 

\\{x,y) 1+e u\\ 2 <\\{x,y) 1+6 <j>\\ 2 + g{t\ (5.54) 

where g{t) — > 0, as t \. 0. This proves the persistence property in L 2 . As we already 
pointed out, the continuity follows as in Theorem 11.31 

Case b): r e (2, 5/2) and s > 2r. Let r = 2 + 6, with 9 G (0, 1/2). Define 

M 2 = sup{||( 3; ,y) 2 7i|| + ||u|| ff .}. 

[0,T] 

We now multiply the differential equation (|1.1[) by x 2 w 2 N +2e u and integrate on Mr 
to obtain 

< \(xw]^~ u,xw]^~ %d 2 u) + (xw]^~ u,xw]^~ u xyy ) + (xw]j~ e u, xw]j~ e uu x )\. 

(5.55) 

Let us control the first term on the right-hand side of (|5.55|) . Since d 2 (xu) = 
2d x u + xd 2 u and ~H(xd x u) = x7i{d x u), we can write 

xUdlu = Hd 2 (xu) - 2Ud x u = B l +B 2 . 

By definition of wn , we deduce the inequality 

w]+ e {x,y) < (x,y) 1+e < (1 + \x\ + \y\)(x,y) e . (5.56) 

Using (|5351> . Theorems O and [2H Remark OH and the identity 3fu(0, 77, t) = 
we get 

\\wTB 2 \\<c\\w)+ e Ud x u\\ 

< c\\w e N Ud x u\\ + \\xw%Hd x u\\ + \\yw e N Ud x u\\ 

< c\\{x,y) e m x u\\ + \\x{x,y) 9 Ud x u\\ + \\y{x,y) e Ud x u\\ 

< c\\(x,y) e Hd x u\\ + \\(x,y) e H(xd x u)\\ + \\(x,y) e H(yd x u)\\ 

< c(\\Ud x u\\ + \\\x\ e Ud x u\\ + \\\y\ 9 Hd x u\\ + \\H(xd x u)\\ + \\\x\ 9 H(xd x u)\\ 
+ \\\y\ e U(xd x u)\\ + \\n(yd x u)\\ + \\\x\ e U{yd x u)\\ + \\\y\ 6 H(yd x u)\\ 

< c(\\d x u\\ + c*\\\x\ e d x u\\ + \\\y\ e d x u\\ + \\xd x u\\+c*\\\x\ 9 xd x u\\ 
+ \\\yfxd x u\\ + \\yd x u\\ + c*\\\xfyd x u\\ + \\\y\ e yd x u\\) 

<c\\(x,y) 1+e d x u\\) 
= C. 

From Lemma \2. Ill it follows that 
C < c{\\J{(x,y) 1+e u)\\ +M 2 ) < c{\\{x,yf/ 2+6 u\\ + \\J 3+26 u\\ + M 2 ) < cM 2 . 
To estimate the term with B\, note that 
w^UdHxu) = [w)+ e ,U]dl(xu)+H{w x + e dl{xu)) 

= Di + n(dl(w]+ 6 'ant)) - 2H(d x w]+ e d x {xu)) - n(d 2 x w]+ e 'xu) 
= D l + D 2 +D 3 +D 4 . 
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Inserting D 2 in ()5.55|) one has that its contribution is null. Furthermore, using 
similar arguments as above, 

\\Dx\\ <cM 2 , \\D 4 \\ <cM 2 . 

To control D3, we use that l^wjvl < 1, to obtain 

Pall = 2\\n(d x w 1 N +e d x (xu))\\ < c{\\w e N u\\ + \\xw e N d x u\\) < cM 2 . 

Next, we will control the middle term on the right-hand side of (|5.55|) . The 
estimates \xd x WN\ < 3wn and \xdyWN\ < 1 give the inequalities 

\d x (x 2 w 2 N +29 )\ < c\xw 2 N +2e \, \d 2 (x 2 w 2 N +2e )\ < c\xw 2 N +2e \. (5.57) 

Also, Lemma [2.111 leads to 

||J 2 K +e «)ll < c(\\w 2 + u\\ + \\J 4+2e u\\). (5.58) 

Using integrating by parts, (|5 . 57[) and (|5.58|) (to estimate the term with second- 
order derivatives), we obtain 

x 2 w 2 N +2e ud x d 2 u = -± J(d 2 y (x 2 w 2 N +2S )ud x u + d x (x 2 w 2 N +2e )d 2 uu 

+ 2dy{x 2 W 2 + 29 )d X dyUu) 

< ii^a^iin^+^i! + |j^ + %f + \\w 1 N +e d 2 u\\\\xw 1 N +e u\\+ 

+ \\w 1 N +e d x dyU\\\\xW 1 N +e u\\ 

< c(M 2 + Wxw^uW 2 + Ww^d^uf + \\w]+ e d x d y u\\ 2 ) 

< c(M| + \\xw]+ e u\\ 2 + |K + Ml 2 + \\J 4+2e u\\ 2 ) 

< c(M 2 + Wxw'+'uW 2 + Wyw^uf). 

Finally, the last term on the right-hand side of (|5.55[) is controlled as 

(xw]^ e u,xw]^ e uu x ) < M 2 \\xw]^ e u\\ 2 . 
The Holder inequality applied to (|5.55|) . together with the above estimates yield 

jJxw^uW 2 < c(M 2 + Wxw^uW 2 + Wyw^uW 2 ). (5.59) 
A similar computation with y instead of x gives 

^Wyw^uW 2 < c{Ml + \W+ 9 uf + \\yw]+ u\\ 2 ). (5.60) 

From (|5.59[) . (|5.60p . Gronwall's inequality, and the monotone convergence theo- 
rem we are able to establish the persistence property. This proves Case b). 

Part ii). We also split this case in two other ones. 

Case a): r £ [5/2, 3) and s > 2r. Let r = 2 + 6, with £ [1/2, 1), s > 2r. Let 
M 3 = sup{\\(x,y) 3 / 2+<> u\\ + \\u\\ H ,}. 

[O.T] 

We multiply the differential equation (|l.ip by x 4 w^u and integrate over R 2 to 
obtain 

— — ||x 2 w^ru|| 2 + (x 2 w 6 N u,x 2 w N 'Hd 2 u + f3x 2 w 6 N u xy y + x 2 w N uu x ) = 0. (5.61) 
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From the equality 

x 2 Ud 2 x u = Udl{x 2 u) - AUd x (xu) + 2Hu, 

we have 

w e N x 2 Ud 2 x u = w e N Ud 2 x {x 2 u) + 4w%d x (xu) - 2w e N Hu 
= Q1+Q2+Q3, 

Since 4> G Z S;r , we deduce that 0(0, 77) = u(t,0,rj) = 0, for all t e [0,T], (sec ([231) ). 
which implies that H(xu) — xHu. Therefore, the boundedness of H in L 2 , gives 

HQsll = 2||«&ftu|| 

< c(||Wu|| + \\xHu\\ + \\yUu\\) 
= c(\\u\\ + \\H(xu)\\ + \\n(yu)\\) 

< cM 3 . 

Note that 

Qi = w e N 'Ud x {xu) 

= [w 9 N ;H]d x (xu) +H{w%d x (xu)) 

= Q\ + Ql 

A simple analysis reveals that 

IIQ2II < Rt4lUMI <cM 3 . 
Moreover, Lemma \2 . 1 1 1 yields 

IIQ2II < \\w 6 N u\\ + \\xw 9 N d x u\\ 

< \\(x,y) e u\\ + \\(x,y) e+1 d x u\\ 

<c(\\(x,y)u\\ + \\(x,y) 3 ^ +e u\\ + \\J 3+2e \\) 

< cM 3 . 

For Qi we can write 

Qi = w e N Hd 2 x {x 2 u) 

= lw%;H]d 2 x (x 2 u)+H(w e N d 2 x (x 2 u)) 

= Vx + Hd 2 x {x 2 w e N u) - 2H(d x w e N d x (x 2 u)) - U(d 2 x w e N x 2 u) 
= V 1 +V 2 + V 3 + V 4 . 
Inserting V2 in (|5.61[) one has that its contribution is null. By Theorem 12.51 

ll^i II <cM 3 , ||F 4 || <cM 3 . 

In view of Lemma 12.111 

||V 3 || < c(\\x 2 d x w e N d x u\\ + 2\\xd x w e N u\\) 

< c(\\xw 9 N d x u\\ + \\w e N u\\) 

< cM 3 . 

Also, 

(x 4 wj</u,uu x ) < ll^lloolla; 2 ^^!! 2 . (5.62) 
Similar computations as the previous ones leads us to the inequalities 

\d x (x 4 w 2 ^)l \d y (x 4 w 2 N % \d 2 (x 4 w 2 N e )\ < c\x 3 w 2 N e \. (5.63) 
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Therefore, integrating by parts, using (|5.63[) and Lemma 12.111 we obtain 

1 f /l 



z 4 w$ud x dlu= - -J ^-d 2 (x 4 w 2 ^)ud x u-d x (x i w^)d 2 uu 
2dy(x 4 w 2 ^)d x d y uuj 

\dy(x 4 w 2 x)ud x u\ + / \x 3 w'j!/dyuu\ + / \x 3 w 2 ^d x d y uu\ 



< 



< \\x 2 wffu\\ \\xw%d x u\\ + \\xwffd 2 u\\ \\x 2 w%u\ 
+ \\xw e N d x d y u\\ \\x 2 w 9 N u\\ 



<c^M 2 + \\x 2 w e N u\\ 2 + \\xw e N d 2 



2 ..„2 , n^..e d d n2 



It || + \\XW N X OyU 



--c(M 2 + \\x 2 w e N u\\ 2 + F 1 +F 2 Y 



Putting of the above estimates together, we obtain 
d 



x 2 w e N u\\ 2 < c{M 2 + lla; 2 ^!! 2 + \\xw e N d 2 u\\ 2 + \\xw e N d x d y u\\ 2 ). (5.64) 



Note that, in view of the terms F\ and F 2 , (|5.64[) is not good enough to our 
purpose. So, in what follows, we will control F\ and F%. The idea is to obtain an 
estimate of the form 

—G < cG, (5.65) 
at 

where G is a sum of terms which include F\ and F 2 . 

Taking the derivative with respect to y twice in (jl.ip and multiplying it by 

x 2 wj^d 2 u, we have 

~\\xw%d 2 u\\ 2 ^xw%d 2 u,xw%Hd x '(d 2 u)) 

+ (X 2 W 2 N 9 d 2 U, d X d 2 d 2 U) + ^V^^U, ^(UU X )) = 0. 

From the identity 

xndl(d 2 u) = U{d 2 x {xd 2 y u)) - 2Hd x d 2 u, 

we deduce that 

w%x-Hd 2 (d 2 u) = w e N H(d 2 x (xd 2 u)) - 2w e N nd x d 2 y U = E X + E 2 . 

Write 

E 2 = -2w e N Ud x d 2 jU 

= [w%- n]d x d 2 u + n(w e N d x d 2 u) 

= E 2 +E 2 . 



Theorem 12.51 implies 

ll^ll < \\d x w e N \U\d 2 u\\ < cM 3 . 
Lemma \2. Ill with a = 3 + 28, a = 3 3 9ff and 6 = 3/2 + 6* gives 

||£ 2 2 || < \\w%d x d 2 u\\ < \\(x,y) e d x d 2 u\\ < M 3 + 2(\\(x,y)^ 2+e u\\ + \\J 3+2e u\\) < cM 3 . 



20 



A. CUNHA AND A. PASTOR 



Next, we write 

E 1 = ^v e N -H]dl{xd 2 y u) + n{w N dl{xd 2 y u)) 

= ki + Hd 2 x (xw e N d 2 y u) - 2Hd x w e N d x (xd 2 y u) + U{dlw e N xd 2 y u) 
= k\ + k 2 + k 3 + k 4 . 

It is easily seen that 

INI < llfigu&Hoollsflgull < cM 3 , \\k 4 \\ < cM 3 
Moreover, inserting k 2 in (|5.66p we can see that its contribution is null. In addition, 
h < \\Hd x w e N d 2 u\\ + \\Hd x w e N xd x d 2 u\\ 

< IK-^uH + \\w e N d x d 2 u\\ 

< cM 3 . 

An application of Lemma f2 . 1 H with a = 4 + 28, a = -^-^ and b = 2 + 6, yields 

\\w e N d 2 d 2 u\\ < M 3 + \\w 2 + e u\\ + \\J 4+28 u\\ < M 3 + \\x 2 w e N u\\ + \\y 2 w e N u\\. (5.67) 
Similarly, 

\\w d N d x d v d 2 u\\ < M 3 + \\x 2 w e N u\\ + \\y 2 w e N u\\. (5.68) 
Taking derivatives, it is easy to see that 

\d x (x 2 w 2 N % \d y (x 2 w 2 N e )\, \d 2 (x 2 w 2 N e )\ < c\xw 2 ^\. (5.69) 
Using ([5~67) . (f5~68|) and ([5~69)) . we get 

J x 2 w 2 N e d 2 ud x d 2 d 2 u = -\J (d 2 y (x 2 w 2 N e )d 2 ud x d 2 u - d x (x 2 w 2 N e )d 2 d 2 y ud 2 y u 
- 2dy(x 2 w 2 ^)d x d y d 2 ud 2 u)dxdy 
<c(mI + \\w%d 2 d 2 u\\\\xw e N d 2 u\\ + \\w%d x d y d 2 u\\\\xw 9 N d 2 u\\) 

<c(M 3 2 + \\x 2 w e N u\\ 2 + \\y 2 w 6 N u\\ 2 + Ua^uf). 

Finally, 

(x 2 w 2 ^d 2 u, d 2 (uu x )) = (x 2 w 2 ^d y u, d 2 uu x + 2u y u xy + uu xyy ) 

< WxwffdyU^WuxWoo + \\xw e N dyU\\(\\xw%d y u\\\\ Uxy || oo 

+ HxW^ullllu^yylloo) 

< (M 3 + l)\\xw%d 2 u\\ 2 + M 3 . 
Collecting all the above estimates, we deduce the inequality 

±\\x W e N d 2 u\\ 2 < c(M 2 + \\x 2 w 6 N u\\ 2 + Wy'w^uW 2 + \\xw%d 2 uf). (5.70) 

Analogously we can obtain an inequality involving F 2 . 

Multiplying the equation by y^wj^u, we can obtain an estimate similar to 
(|5.64l) . where another two terms as those for Fi and F 2 appear (but now with a 
multiplying factor of y instead of a;). Thus, we can proceed as above. 

As a final step, by writing 

g 1 = \\x 2 w e N u\\, g 2 = \\xw e N d 2 u\\, g 3 = \\xw%d x d y u\\, 
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and 

.94 = \\y 2 w e N u\\, g 5 = \\yw%dyu\\, g 6 = \\yw%d x d y u\\, 
we deduce the following system of inequalities 

d 6 

By defining G = Y^=i 9i> we then get the desired estimate (|5.65[) . The rest of the 
proof runs as in Case a) . 

Case b). r 6 [3, 7/2) and s > 2r. Write r = 2 + 6, where 9 e [1,3/2). Define 
M 4 = sup{||{ a; ,y} 3 / 2 + U || + || U || Hs }. 

[0,T] 

Here, the estimates are similar to those ones in Case a), except for the terms 

Q 3 = 2u&«u, 

Q2 = w e N 'Hd x (xu), 

and 

£ 2 = -2w e N Hd x d%u, 
which can be estimated using Theorems 12.21 and 12.41 and Remark 12.31 Indeed, 

IIQsll < 2\\(x,y) e Hu\\ 

< c(\\(x,y) e - x Hu\\ + Wxix^Y^HuW + Mx^UuW) 

< c(\\Hu\\ + \\xHu\\ + Hlaf-^ull + lllyl^ 1 ^"!! + + 
+ Wxlyf^HuW + \\yHu\\ + \\y\x\ e - l Hu\\ + \\y\y\ B - l Hu\\) 

= c(\\Uu\\ + \\H(xu)\\ + Wlxf^HuW + Wlyf^HuW + \\\x\ e ~ 1 n{xu)\\ + 
+ \\\y\ 9 - l H(xu)\\ + \\H(yu)\\ + \\\x\ d - x -H{yu)\\ + HM^ ^M||) 

< c(||tt|| + ||xu|| + c*|||af -^H + Wndyf-^W + c*\\\x\ - 1 xu\\ + 
+ llWdyl*- 1 ^)!! + \\yu\\ +cl|af-Vll + \M\y\ e - l yu)\\) 

< 4{x,y) 6 u\\ 

< cM 4 . 
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\\Q a \\ = A\\w e N m x (xu)\\ 

< c(||(x,y> fl - 1 «fl x (xtt)|| + \\(x t y)°- 1 H(xa x (xu))\\ + W&y^Hiyd^xu))]]) 

< c(\\Hd x (xu)\\ + \\\x\ e - 1 Hd x (xu)\\ + IWyf^HdxixuJW + \\U(xd x (xu))\\ 
+ IWxf^Hixd^xum + Wlyf^-Hixd^xuM + \\U{yd x {xu))\\ 

+ Wlxf-'niyd^xuM + Wlyf-'niyd^xuM) 

< c(\\d x (xu)\\ +c*\\\x\ 9 - 1 d x (xu)\\ + Wlyl^d^xu)]] + \\xd x (xu)\\ 

+ c*\\\x\ e - 1 xd x (xu)\\ + Wlyf^xd^xu)]] + \\yd x (xu)\\ + c* \\ \x\ e - x yd x {xu) \\ 
+ \\\y\ 8 ~ 1 yd x (xu)\\) 
<c(M i + \\{x,y} e u\\ + \\(x,y) e+1 d x u\\) 

< C (M4 + ||(x, 2 /) 3 / 2+e u|| + ||J 3+2 %||) 

< cM 4 , 

and 

\\E 2 \\ < W&y^Hd^uW + Ux^f-'xHd^uW + W&yf^yHd^uW 

< \\(x,y) 6 - l Ud x d 2 y u\\ + W^y^Hixd^W 
+ \\{x,y) e - 1 H(yd x d 2 y u)\\ 

< c(\\Hd x d 2 y u\\ + Ular^-^^figit)!! + \\\y\ e - x U{yd x dlu)\\ 

+ \\H(xd x d%u)\\ + w^uixd^w + Wlyf-'nixd^w 

+ \\U{yd x dlu)\\ + \\\x\ 6 - l U{yd x dlu)\\ + \\\y\ s - x U{yd x dlu)\\) 
<c\\(x,y) d x dlu\\ 

< M 4 + 2(||(x,y) 3 / 2 + e U || + ||J 3+28 U ||) 



< cM 4 . 

From this point on, one can proceed as in Case a) and conclude the proof of Case 
b) . The proof of Theorem 11.41 is thus completed. 



This section is devoted to establish Theorems 11.51 and 11.61 We follow closely the 
arguments in Indeed, the main idea is to explore the "bad" behavior of the BO- 
ZK in the x-direction, which, in some sense, is similar to the one presented by the 
BO equation (|1.2[) . We pointed out that a similar approach was also successfully 
applied to the Benjamin equation in |29j . 

Proof of Theorem \1.5[ Let us start by noting that the solution of (11.11) can be 
represented by Duhamel's formula 



Jo 

where U(t)(f> is the solution of the IVP associated with the linear BO-ZK equation. 
It is easy to check that, via its Fourier transform, 



6. Unique continuation principle 




(6.71) 
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Without loss of generality we assume t\ = 0. Thus, since 4> £ -£5,5/2, it follows from 
Theorem H~4l that 

ueC([0,T];H 5 r\L 2 r ), < r < 5/2. (6.72) 
By multiplying (|6.7ip by |x| 5 / 2 and then taking the Fourier transform lead to 

Dl /2 dl(^t)) = Dl /2 dl(e u ^ 2 -^4>) - f D\ /2 dl(e^ t - t '^ 2 -^z)dt', (6.73) 

Jo 

where z = \d x u 2 . Fixed t £ [0,T], remark that if (x,y) b/2 U{t)4> £ L 2 (R 2 ) then it 
must be the case that \x\ 5 ^ 2 U(t)(f> £ L 2 (M 2 ), which, by Planchcrel's identity, implies 
that 

D\ ,2 d 2 (e lt ^ 2 -^j>) eL 2 (R 2 ). 

We will prove that this is possible only if 0(0, 77) = 0, for all 77 £ K. The idea goes 
as follows: since 

^(ett^-iei)^) = e l *«" 2 "'«' ) ((-2*tsgn(0 -4t 2 e 2 +4t 2 77 2 |e| -<\ 4 )^+ (2*V 

-um)d 6 4> + dl4>), 

(6.74) 

we will show that all terms in f|6 . T3[) . except the one involving sgn(£), arising from 
the linear part (see (16.74[) ). have the appropriate decay for all t £ [0,T]. This in 
turn, will imply the desired. 

On one hand, in the x-direction, the BOZK equation has a similar behavior as the 
BO equation, so, following the ideas in [5], we need to localize in the ^-direction. On 

the other hand, to control all terms, we need some strong decay in the 77-direction 

2 

but not localization. To do so, define x(£,fy) = x(£,) e ~ n 1 where \ G Cq°(M.) is 
such that supp \ C (— e, e) and x — 1 m ( — e /2,e/2). Note, in particular, that 
X G L™Hl 

With the function x i n hand, we write the linear part of Duhamcl's formula as 
X ^ /2 df(e^" 2 -l«l>0) = \x',D\ /2 ]8l(e^-^$) + D\ /2 { x d 2 {e u ^ ~^^)) 
= A + B. 

In what follows, the constant c will depend on T and the norms of x- From Propo- 
sition [2T2l Lemma f2 . 1 H Planchcrel's identity, and (|6.74[) it follows that 

||A|| = !|||[x;^ /2 ]a|( e ^ 2 H«l)0)|| L| || L , 

< c(U\\ + wen + + + ii^ii + m$\\ + ii^id 

= c(||^|| + ||a 2 0|| + wo'd^w + n^ii + p 2 (^)|| + 1|^(^)|| + ||.x 2 0||). 

(6.75) 

All terms in the right-hand side of (|6.75j) arc finite because <fi £ £4,2 ■ 
Now write 

B = D\ /2 ((-2iisgn(0 - 4i 2 £ 2 + 4t 2 ?7 2 |£| - t V)0 + (2it V 2 

-4it\t\)dt$ + d$$) 
= Bi + B 2 + B 3 + B± + B 5 + B 6 + B 7 . 



24 



A. CUNHA AND A. PASTOR 



Let us estimate the L 2 norm of B7. Theorem 12.61 Proposition ^. 81 and Lemma l2~9l 
imply 



\\B 7 \\ = WDfixe^-^dlm 

= ||||^ 1/2 (xe^ 2 -i«i)a|0)|U ? || i , 

< c(\\\\ X e^ 2 -^d^\\ L , + ||^ /2 (xe^ 2 -lfl)a^)|| L? |U3) 

< c(\\ X e^ 2 -^dl4>\\ + \\v\ /2 { X e^ 2 -^dlm 

< c(||x 2 0|| + HX^e-^l^xe^df^ll + \\e-' lt ^v\ /2 { X e u ^ 2 d 2 ^)\\) 

< C (||x 2 0|| + \\(t^ + t l / 2 \e /2 )xd!4>\\ + \\v\ /2 {e^ 2 ) X dl4>\\ 

+ \\e-^ 2 v\' 2 { X dim 

< c(||x 2 0|| + ||(t 1/4 +t 1/2 |er /2 )xl|oo||5|0|| + IIW^H + \\v\ /2 { X )d 2 4>\\ 

+ \\ x v\ /2 {d 2 m 

< c{\\x^\\ + iK^^xllooll^ll + l|2? c 1/a (x)IUI^|| + \\x\U\vl /2 d 2 n) 



Control on B2, B3, B4, B$ and Bq in L 2 (K 2 ) are obtained in a similar fashion, so we 
omit the details. Note that we do not estimate B\. However, if we show that the 
integral part of Duhamel's formula is in L 2 (\x\ 5 dxdy) then we will conclude that 
Bi 6 L 2 (M 2 ) (for any fixed t € [0,T]). 

To do so, we localize again using the function X . In fact, using commutators, 
the integral part in (|6.73[) reads as 



We observe that the terms involving the highest regularity and decay are C4 and 
Df, respectively. In the sequel, we show their L 2 estimates. From Proposition ^. 121 
we obtain 



f [r,Dl /2 ] ( e *(*-*W-l€l) ( - 2i(t - Osgn(0* - 4(* - t'fez + 4(t - i') Vl<£|z 



- (t - t'fifz - i(t - t')\£\d s z + 2i(t - t')r) 2 d^z + dp)'} 

+ J D ? 1/2 (x(e l(t -*' ) « (T ' 2 - | « l) (-2i(t - t')sgn(Z)z - 4(t - t'ffz + 4(t - OVl£i* 

- (t - i') V« - 4i(t - + 2*^ ~ *> 2 %z + dp)))dt' 




IQII^^IIIIIIxll^lle^W-^Hi-tOV^IUlll^ll^ 
< cllll^HIUj, 



(6.77) 




^ c ll u lli~//5- 



The right-hand side of (|6"777|) in finite thanks to (j!T72l . 
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Regarding the L 2 norm of D7, first observe that using Lemma [2. f fl we deduce 
that 

xu G H 2 {R 2 ) and \\\x\ 3/2 d x u\\ < c(\\u\\ Zii2 + \\(x,y) 1/2 u\\). (6.78) 

Let D 7 = D^ixe^-t'^-^^dp. Theorem EH Proposition EH Lemma EH 
and ((6~78"1) yield 

\\D 7 \\ = \\D\' 2 ( X e*-*W-iei)^)|| 

= ||||^/ 2 (xe^-*W-l«l)^)| U? || L , 

< \\\\ X e^-^-^dlz\\ Ll + \\v\'\ X e^-^-^dlm4\t % 

< cdlxe^*-*'^^ 2 -^^^!! + \\-Dl /2 (xe i(t - tW - m dlz)\\) 

< c(\\x 2 z\\ + ((^(e-^-^siei)^*-*')^ 2 !! 
+ l| e -^- t ')«i«i^ 1/2 ( xe ^- t ')«" 2 a|z)ll) 

< c(||:c 2 z|| + \\x( T V* + ^^1/2)^11^11 + \\vf(e^'^ 2 ) X d 2 z\\ 

+ V (t-t')^V\' 2 { X dlz)\\) 

< c(\\x 2 z\\ + \\(v 2 t) 1/2 X \U\d 2 z\\ + \\vl /2 ( X )\U\d 2 z\\ + \\x\U\vl /2 d 2 z\\) 
<c{\\x 2 z\\ + \\D\ /2 d 2 z\\) 

= c{\\x 2 z\\ + \\\x\ 2+1 ' 2 z\\) 

< c(\\x 2 uu x \\ + \\\x\ 2+1 / 2 uu x \\) 

< C(||U 2; || 00 ||.T 2 U|| + |||x| 3/2 cU||||.Tu|| L oo) 

< cdltixlloollx^H + |MUMU 4 ,2 + |Kx,y) 1/a «||). 
As a consequence, 

||Dr||<c|||| J D r |||| L i,<oo. 
Since z(0) = 0, we can estimate D\ as follows. First, we notice that 

\x^l 2 Uz\\ 
{\ + \x\fl*Uz\\ 

(i + MWI 

z\\ + \\xHz\\ (6-79) 
z\\ + \\H(xz)\\ 
z\\ + |a;z|| 

< c||w||2 42 . 



< 
< 
< 
< 



Let 



5 1 =^ 1/2 ( X ( e ^')«(" 2 -l^((t-^)sgn(C)5))). 
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Then Theorem EH Proposition ES Lemma HH and (|6~79l> yield 

H5J = ||^ /2 ( X e*- t ')«(" 2 -'«l)sgn(e)z)|| 

< c(||xe i(t ^' )?(7?2 - |el) sgn(0i|| + \\V\ /3 (xe iit -* ) ^- m) Bgn.(Z)z)\\) 

< c(\\z\\ + ||^ 1/2 (e- 8 ( t -*')«l«l)xe l(i - t ' ) «" 2 sgn(Oi|| 
+ || e -Kt-*')€ISI^/2( xe i(t-*')^ 2 sgI1 ( e ) i )||) 

< c(||z|| + llx^ + T 1 ^^!!^)^!!^)^^ + ||pi/ 2 ( e ^-*')^ )xsgn(c)5 || 

+ ||e*( t - t ')f a r> ? 1/2 ( X sgn(Oi)||) 

< c(||z|| + W^WU^mi + ||^ /2 (x)||oo||sgn(05|| 
+ \\ X \\ oo \\vl /2 ( S gn(0m) 

<c(\\z\\ + \\Dl /2 (sgn(Om) 
<c\\u\\ Zi2 . 

Therefore, 

pill < ||A||^ <oo. 

The other terms appearing in (|6.76[) are estimated in a very similar manner. 
Here, we also omit the details. Hence, the above estimates on the linear and integral 
parts of (|6.73p . together with the fact that u(t 2 ) G -Z5.5/2, lead to concluding that 

Si = -2^^ 2J D ^ 1/2 (xe ^^2^(r ' 2 - |^l) sgn(C)0) G L 2 (R 2 ). 

Fubini's theorem then gives that B 1 G L|(R),a.e. 77 G R. So, in view of Theorem 
12.61 we deduce 

2^ /2 ( xe «^(" 2 -l£l) S gn(£)$) e L\Qk), a.c. 77 e R. (6.80) 

An application of Proposition 12.101 gives 

0(0, 77) = 0, a.e. 77 e R. 

Since <f> is continuous we obtain 0(0, 77) = 0, for all 77 G R. The conclusion of the 
theorem follows just taking a look at (|2.5[) . □ 

Proof of Theorem ] 1 . b\ Without loss of generality we assume t\ = < ti < £3, and 
explore the arguments in [3]. Indeed, by multiplying (|6.71[) by |x| 7 / 2 and taking 
the Fourier transform, we obtain 

Dl /2 dlMt) = D 1/2 F(t, 77, $) - [ D\' 2 F{t - t', e, 77, z(t'))dt', (6.81) 

JQ 

where F(t, £, 7;, <f>) = (9|(e li ^ 7? ~^(f>). Thus, Plancherel's theorem evince that if we 
assume that the right-hand side of (|6.81[) belongs to L 2 (R 2 ), for times t\ = < 
t2 < *3, then we will obtain a contradiction. Here, as before z = ^d x u 2 . 
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First of all, we note that our assumptions together with Theorems 11.41 and 11.51 
implies that 

ueC([0,T};Z s , r ), \<r<\- 
Moreover, a straightforward computation reveals that 

9 |( e ^ 2 -ICI)0) = ((-4ii<^ - «V - 24t 2 e + 6*Vsgn(£) + 8it 3 \£\ 3 

+ 6itV|£| - 12i£ 3 77 2 C 2 )0 + (-6iisgn(£) - 12i 2 £ 2 + 12*V|£I 

(6.82) 

Here, 8^ stands for the Dirac delta function with respect to £, that is, (S^,(p) = 
<p{0,r)), for all tp G S(R 2 ). 

The proof follows closely the arguments in Theorem 11.51 Recall that x(£, r/) = 
x(0 e ~ v ; where x G Co° SU PP X C (— e, e) and x = 1 m (— e/2, e/2). Hence, we 
may write 

xDf 2 9|(e««" 2 -l«l)^) = [x;^ /2 ]9|(e^ 2 -^^) + J Dj /2 (x9|(e^^-lfl)^)) 
= i + B. 

To estimate the -L 2 norm of A, we can proceed in a very similar way to its coun- 
terpart A in Theorem 11.51 So, we omit the details. 
Next, we observe that 

B =D\ /2 ( X dl(e lt ^ 2 -^&) 

= X e a ^ 2 -\^ f(-4it5(: - it 3 rf - 24t 2 £ + 6*V sgn(f ) + 8^ 3 |£| 3 

+ 6i«V|£| - 12it 3 ri 2 £ 2 )$ + (-6itsgn(f) - 12t 2 £ 2 + 12*V|£| (6-83) 

- 3t 2 v A )d^ + 3it( v 2 - 2|£|)df(£ + 
=B 2 + ... + B 14 . 

From our assumptions, Theorem 11.51 implies that the initial data <f> also belongs to 
-^5,5/2- Thus, the first term involving the Dirac function in (|6.83[) must vanishes, 
that is, the term B\ does not appear in (|6.83|) . To estimate B4 we use that 0(0, rf) = 
0. For shortness, we will estimate in details only the most difficult terms, that is, 
the terms B2 and B14 which are the ones involving the highest regularity and decay 
of the initial data. The other terms, except Bg, can be estimated in a similar way. 
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From Theorem 12.61 (|2.12j) . Proposition 12.81 Lemma l2~9l and Holder's inequality 
it follows that 



Ball < 


c( 




teW-ieiy^ + \\vl /2 ( X e m{ri2 - m) v 6 4>)\\) 


< 


c( 


011 


+ \\v\ /2 {e- a ^) X e u ^ 2 rf4>\\ + We^V 1 / 2 ( XV ^)\\) 


< 


c( 


?>ll 


+ \\V\ /2 {e lt ^ 2 ) X rfn + \\e lt ^ 2 V\ /2 { X e u ^%f^)\\) 


< 


c( 


011 


+ \\v\ ,2 { x ^)4>\\ + ||x^ 1/2 0ll) 


< 


c( 


011 


+ ll^ 1/2 (^ 6 )lloo||0ll + IIX^I|oo||^ /2 0||) 


< 


c( 


011 


+ K /2 0ii) 




c( 


011 


+ IIN 1/2 0ID- 



Similarly, 

||Bi4|| < c(||xe 4i?(l ' 2 - |?l) a|0|| + H^/^xe^^-ISI^f^ll) 

< c(||a; 3 0|| + \\vl /2 (e- u ^) X e lt ^ 2 dl$\\ + \\e~ u ^v\ /2 8%$) \\) 

< c(\\x^\\ + \\v\ /2 (e^ 2 ) X d^\\ + \\e^ 2 v\ ,2 ( X dlm 

< c(||x 3 0|| + ||^ 1/2 xlloo||9|0|| + ||x||oo||^ /2 5|0||) 

< c\\(x,y) 3+1 / 2 cb\\. 

Now, looking at the integral part we localize again near the origin in Fourier 
space and use a commutator to get 



,i(t-t')«(r, 2 -|£|) 



4i(t - t')6(: - i(t - t'frf - 24(t - t'fi 

+ 6(f - t')Vsgn(£) + 8i(i - t') 3 |C| 3 + 6i(i - OVlfl 

- 12i(* - + (-6i(* - Osgn(0 - 12(t - t') 2 e 2 + 12(< - OVKI 

- 3(t - t')V)^ + 3i(t - <')(?7 2 - 2|£|)flf2 + } 



l/2| xe4 (t-t')?(r, 2 



( - 4i(* - i')^ - i(t - t'fif - 24(i - t') 2 C 
+ 6(t - OVsgn(£) + 8i(t - t') 3 |e| 3 + 6i(t - OVl£l 

- 12i(t - t') 3 r] 2 ^)z + (-6t(* - i')sgn(0 - 12(i - i') 2 £ 2 + 12(t - OVl£l 

- 3(f - t') 2 ?7 4 )^5 + 3t(i - t')(jf - 2|f|)8fi + <9fi }W 
<5i + ...Cm + -Di + - + -Dis + E, 

(6.84) 



where 



6^ / Dj /2 (e i ( t - i ') £ ^ 2 -l«Dx(t-*')sgn(0^-2)^'- 



From z(0,rj,t') = we deduce that C% = and Z?i = 0. The estimates for the 
terms C2,...,Cu, D2, -D13 are essentially the same ones as those for Ci,...,Cj, 
Di,...,Df in Theorem 11.51 For example, to estimate the term C2 we can use 
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Proposition ^. 121 to obtain 

WC2W < t 3 \\ || Hxllfli \\e u ^ 2 -W(t - t') 2 rfz\\ L , || £ 3 |Ux 

<c|| || L j, 
<c||||^ 2 ||||^ 

- c \\ u \\l™h 7 - 

Let /; = t2, since 0, 77(^2) 6 ^7,7/21 from (|6.84[) and the previous estimates we 
conclude that 

R(t) = B 8 -E 

Jo 2 

-6iUj /2 (e i * c(, ' a - |el) xfagii(O^0) 

= 67 /* D\l\e*-**tf-^ X {t ~ t') S gn(0(dsz(Z, 77, f) - 8^(0, 77, t')))dt' 
Jo 

- ^ /2 ( e lt «" 2 -l«l' X tegn(Oa e 0(0, 77)) 
/"* 

+ 6i / -Dy^e^^^^^-^^x^-iOsgn^)^^^,^^'))^' 
Jo 

= Rx(t) + R 2 (t) + R s (t) + Ri{t) 6 i 2 (M 2 ). 
Let us check that R x (t) G L 2 (R 2 ). Indeed, let 

/(£, 77, f) = e ^-t')^-m) x{t _ f) S gn(£) fl (& 77, f ), 
where <?(£, 77, t') = d^z(^, 77, if) — d^z(0, 77, t'). A simple computation gives us 

.9 = ^(u 2 + £,d i u 2 - ?j 2 (0,?7,i')), = id(U 2 + ^<9f7i 2 , 

and 

d>i9 = ^(9 v u 2 + £,d v d(:u 2 - d v u 2 (0, 77, f')). 

Since w 2 G C([0, T]; Z 7 r_ e ), for any < e < 1/2, it follows that 7? <= C([0, T]; Zr_ e 7 ). 
Then, the identity gS^ = and Sobolcv embedding yield 

11/11 <c(|| X |||H|oc + ||exllll^||oo)<CX), 

< c(||(77 2 + 2|e|)x|||H|oc + ||(r/ 2 + 2|C|)Cx|||| Woo + ||%dllHU 

+ lle^xllll^Hoo + IMIIMoo + llexllll^Vlloo) < OO, 

and 

R/|| < cdl^xllll^lloo + ll£ 2 77xll Halloo + KxlllHloo + ll^xll Halloo 

+ H^xll II^Hoo + IMIK^Iloo + IKXIIKC^IU) < CO. 

Therefore /(•,-,<') G H 1 (M 2 ), for all t' G [0,i]. It is now an easy consequence to 
show that D\ /2 f G C*([0,T];i 2 (R 2 )). 

A similarly analysis leads to R 2 (t) G L 2 (R 2 ). Therefore R 3 + R 4 G L 2 (K 2 ). 
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Note that 

d^u*u)%r 1 ,t')= l - J e-"'y U 2 {x,y,t')dxdy. 
Also, from p. II) . we get 

d 7 [ xe- tT,y u(x,y,t')dxdy = \\ e-^ y u 2 {x 1 y^)dxdy,\jj ] G R, (6.85) 



dt 

which implies the identity 

d^u * u)(0, i], t') =i— J xe- ir i y u(x, y, t')dxdy. (6.86) 
Substituting (|6.86[) into R4 and integrating by parts, we obtain 

R A (t) = 6i Dj /2 (e i ( t - i ' )s( ' ?2 - | « l) x(t-t')sgn(0)(ij7 f xe-" ly u{x,y,t')dxdy)dt' 

= -6i^V (t -' WH?l) x(i-Osgn(0) / xe-^y u (x,y,t')\ t t := t + 

+ 6^ Dl /2 ((i^\ - itfy^'^-^xit - t')sgn(£)) J xe-^udxdydt' 

-6 J D^ie^-t'^-^xsgnO J xe-^ y u{x,y,t')dxdy)dt' 

= 6 J D* /2 (e^ ( ' ?2 ~ l?l) X*sgn(£) J xe- ir > y <t>(x,y)dxdy) 

+ 6^ ^ /2 ((*eiCI -^ 2 )e 8( *"*' )C( " 2 " kl) XSgn(e)) J xe-^ y u{x,y,t')dxdydt' 

-6jf ^(e'^-^^^-^^xsgn^)) J xe~ l,jy u{x,y,t')dxdydt' 

= — R3 + R5 + Re, 
where above we used the identity 

d^) = -ij X e-^y)d X dy. 

Thus, 

R = Ri + R2 + R5 + R&- 
Similarly to R\(t) we can show that R$ G L 2 (R 2 ). Hence, 

t 



Fubini's theorem gives Re(t) G i|(R), a.e. rj G M. Theorem 12.61 then yields 

V 1 / 2 ( X 8gn(0 J q ( e 8 (*-*')«(" 2 -l«D J xe-" w u(x,y,t')dxdy)dt'^ G L|(R), a.e.77 G K 
which from Proposition 12.101 implies that 

° = / (/ xe ~ lriVu ( x > Vl t ') dxd yj dt ' = : sfa) a-e. f)£l. 
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Since g is a continuous function 

g(0) = J J xu(x,y,t')dxdydt' = 0. 

By Rolle's lemma, there exists T\ € (0,i2) such that 

fxu(x,y,r 1 )dxdy = 0. (6.87) 

Analogously, using that u(t2), u(tz) £ ^7,7/2 we can show the existence of T2 G 
(^2,^3) such that 

J xu(x, y, T2)dxdy = 0. (6.88) 

Finally, from (|6T87)) . (|6~88)) , (|6T85|) (with = 0), and the fact that the L 2 norm of 
w is conserved, we conclude \\<j)\\ = 0. The uniqueness os solutions then implies the 
desired. 

Thus, we complete the proof of the theorem. □ 
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